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?ØK8�µ)Û¼ê��d·K
?ØK8�µ��Âñ�EC¼ê�?ê�5�

¯K
·K1�·K2��dy²
·K1!3!4�Ì��dy²

?ØK8�µ)Û¼ê��d·K

¯K

�D ⊂ C´«�§ f (z)´½Â3Dþ�¼ê§� f (z) ∈ C(∂D).Á

(½±e·K�m�'X§¿é(½�'X?1y².

1 f (z) = u(x, y) + iv(x, y) ∈ A(D)¶

2 u(x, y),v(x, y)3DS��§�÷vCauchy-Rieamann�§¶

3 3DSk

f (z) =
1

2πi

∫
∂D

f (ξ)
ξ − z

dξ

Ù¥∀z ∈ D, ξ ∈ ∂D.

4 f (z)3DS?¿�:Ñk�?êL«/ª.
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?ØK8�µ)Û¼ê��d·K
?ØK8�µ��Âñ�EC¼ê�?ê�5�

¯K
·K1�·K2��dy²
·K1!3!4�Ì��dy²

�Ún

y²

ky²���Únµe lim
∆x→0
∆y→0

ρ1 = 0§ lim
∆x→0
∆y→0

ρ2 = 0§K

lim√
(∆x)2+(∆y)2→0

ρ1 ∆x + ρ2∆y√
(∆x)2 + (∆y)2

= 0

¯¢þ§5¿�∣∣∣∣∣∣ ρ1 ∆x√
(∆x)2 + (∆y)2

∣∣∣∣∣∣ 6 ρ1,

∣∣∣∣∣∣ ρ2∆y√
(∆x)2 + (∆y)2

∣∣∣∣∣∣ 6 ρ2

dY%½n=y.
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?ØK8�µ)Û¼ê��d·K
?ØK8�µ��Âñ�EC¼ê�?ê�5�

¯K
·K1�·K2��dy²
·K1!3!4�Ì��dy²

·K1íÑ·K2

y²

·K1⇒·K2µ

� f (z) = u(x, y) + iv(x, y)3z = x + iy?��§Kéu

∆z = ∆x + i∆y§k

∆ f
∆z

=
f (z + ∆z)− f (z)

∆z
= f

′
(z) + ρ(∆z)

Ù¥ lim
∆z→0

ρ(∆z) = 0.

-∆ f = ∆u + i∆v§ f
′
(z) = a + ib§ρ(∆z) = ρ1 + iρ2§Kk

∆u + i∆v = (a + ib)(∆x + i∆y) + (ρ1 + iρ2)(∆x + i∆y)

= (a∆x− b∆y + ρ1 ∆x− ρ2∆y) + i(a∆y + b∆x + ρ1 ∆y + ρ2∆x) 4 / 22



?ØK8�µ)Û¼ê��d·K
?ØK8�µ��Âñ�EC¼ê�?ê�5�

¯K
·K1�·K2��dy²
·K1!3!4�Ì��dy²

·K1íÑ·K2

y²

é'¢JÜk

∆u = a∆x− b∆y + ρ1 ∆x− ρ2∆y

∆v = a∆y + b∆x + ρ1 ∆y + ρ2∆x

5¿� lim
∆z→0

ρ(∆z) = 0§K lim
∆x→0
∆y→0

ρ1 = 0§ lim
∆x→0
∆y→0

ρ2 = 0.ùÒ¿�

Xu(x, y)�v(x, y)��§�

∂u
∂x

=
∂v
∂y

= a,−∂u
∂y

=
∂v
∂x

= b
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?ØK8�µ)Û¼ê��d·K
?ØK8�µ��Âñ�EC¼ê�?ê�5�

¯K
·K1�·K2��dy²
·K1!3!4�Ì��dy²

·K2íÑ·K1

y²

·K2⇒·K1µ

�Ì�aq�g´§·�r∆ f^∆u§∆vLÑ§=

∆ f = ∆u + i∆v

duu(x, y)�v(x, y)þ3:(x, y)?��§K

∆u =
∂u
∂x

∆x +
∂u
∂y

∆y + ρ1∆x + ρ2∆y

∆v =
∂v
∂x

∆x +
∂v
∂y

∆y + ρ3∆x + ρ4∆y

Ù¥ lim
∆x→0
∆y→0

ρi = 0(i = 1, 2, 3, 4). 6 / 22



?ØK8�µ)Û¼ê��d·K
?ØK8�µ��Âñ�EC¼ê�?ê�5�

¯K
·K1�·K2��dy²
·K1!3!4�Ì��dy²

·K2íÑ·K1

y²

@o

∆ f =

(
∂u
∂x

+ i
∂v
∂x

)
∆x +

(
∂u
∂y

+ i
∂v
∂y

)
∆y

+ (ρ1 + iρ3)∆x + (ρ2 + iρ4)∆y

2�\Cauchy-Rieamann�§=�

∆ f
∆z

=
∂u
∂x

+ i
∂v
∂x

+ (ρ1 + iρ3)
∆x
∆z

+ (ρ2 + iρ4)
∆y
∆z

üà�4�Òk f (z) = u(x, y) + iv(x, y)3z = x + iy?��.
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?ØK8�µ)Û¼ê��d·K
?ØK8�µ��Âñ�EC¼ê�?ê�5�

¯K
·K1�·K2��dy²
·K1!3!4�Ì��dy²

·K1íÑ·K3

y²

·K1⇒·K3µ

eD´üëÏ�§Kd4´C/�nÒ�±òÈ©­�C��

7z��»?¿���þ(P�C)§éuõëÏ�§��òS	>

.­��ë§ò«��»§��z�üëÏ�^4´C/�n?

n§u´k∫
∂D

f (ξ)
ξ − z

dξ =
∮

C

f (z)
ξ − z

dξ +
∮

C

f (ξ)− f (z)
ξ − z

dξ

c��È©�Ò´2πi f (z).é���È©§d f (z)ëYk�C�

�»?¿��§©f f (ξ)− f (z)���±?¿�§Ø���ε.
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?ØK8�µ)Û¼ê��d·K
?ØK8�µ��Âñ�EC¼ê�?ê�5�

¯K
·K1�·K2��dy²
·K1!3!4�Ì��dy²

·K1íÑ·K3

y²

dÈ©��½n∣∣∣∣∮C

f (ξ)− f (z)
ξ − z

dξ

∣∣∣∣ 6 ∮
C

| f (ξ)− f (z)|
|ξ − z| ds = 2πε

þªL²1��È©����±?¿�§
4´C/�n�¦T

È©�����»Ã'§ÏdTÈ©��0§=k

f (z) =
1

2πi

∫
∂D

f (ξ)
ξ − z

dξ
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?ØK8�µ)Û¼ê��d·K
?ØK8�µ��Âñ�EC¼ê�?ê�5�

¯K
·K1�·K2��dy²
·K1!3!4�Ì��dy²

·K3íÑ·K4

y²

·K3⇒·K4µ

d·K3k

f (z) =
1

2πi

∫
∂D

f (ξ)
ξ − z

dξ

éDS?¿�½�z0§·�Pd�z0�>.∂D��áål§K

k|ξ − z0| > d§-z3|z− z0| < dS��§K
∣∣∣ z−z0

ξ−z0

∣∣∣ < 1¤á§

u´

1
ξ − z

=
1

(ξ − z0)− (z− z0)
=

1
ξ − z0

1
1− z−z0

ξ−z0

=
∞

∑
n=0

1
ξ − z0

(
z− z0

ξ − z0

)n
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?ØK8�µ)Û¼ê��d·K
?ØK8�µ��Âñ�EC¼ê�?ê�5�

¯K
·K1�·K2��dy²
·K1!3!4�Ì��dy²

·K3íÑ·K4

y²

�\CauchyÈ©úªÒk

f (z) =
1

2πi

∫
∂D

∞

∑
n=0

f (ξ)
ξ − z0

(
z− z0

ξ − z0

)n

dξ

du
f (ξ)

ξ−z0
3∂Dþ´ëY�§KdëY¼ê�5�k∀ξ ∈ ∂D§

∃M > 0 ∣∣∣∣ f (ξ)
ξ − z0

∣∣∣∣ < M

q�Ä�
∣∣∣ z−z0

ξ−z0

∣∣∣ < 1§Ø��
∣∣∣ z−z0

ξ−z0

∣∣∣ 6 1− α§Ù¥α > 0
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?ØK8�µ��Âñ�EC¼ê�?ê�5�

¯K
·K1�·K2��dy²
·K1!3!4�Ì��dy²

·K3íÑ·K4

y²

@oéuT?ê�Ï�Òk∣∣∣∣ f (ξ)
ξ − z0

(
z− z0

ξ − z0

)n∣∣∣∣ < M(1− α)n

Ø�ªm>´��Âñ��'?ê§u´dMOK�?

ê
∞
∑

n=0

f (ξ)
ξ−z0

(
z−z0
ξ−z0

)n
��Âñ§@o��È©Ú¦Ú�^Sk

f (z) =
∞

∑
n=0

(
1

2πi

∫
∂D

f (ξ)

(ξ − z0)
n+1 dξ

)
(z− z0)

n

ùÒL« f (z)3z = z0k�?êL«.
12 / 22



?ØK8�µ)Û¼ê��d·K
?ØK8�µ��Âñ�EC¼ê�?ê�5�

¯K
·K1�·K2��dy²
·K1!3!4�Ì��dy²

·K4íÑ·K1

y²

·K4⇒·K1µ

� f (z)3?¿�:z = z0k�?êL�ª

f (z) =
∞

∑
n=0

cn(z− z0)
n, |z− z0| < r

@od�?ê�5�á�Ò��ÙÚ¼ê f (z)3z0�Âñ��S

)Û.�Ä�þãz0�?¿5=� f (z) ∈ A(D).
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?ØK8�µ)Û¼ê��d·K
?ØK8�µ��Âñ�EC¼ê�?ê�5�

¯K
ëY5
�È5
��5

¯K

¯K

y²±e��Âñ�EC¼ê�?ê�5�.

1 �E´8Ü§e fn(z) ∈ C (E) (n ∈ N∗)�?ê
∞
∑

n=0
fn(z)��

Âñ� f (z)§K f (z) ∈ C (E).

2 �C´{ü­�§e fn(z) ∈ C (C) (n ∈ N∗)�
∞
∑

n=0
fn(z)��

Âñ� f (z)§K f (z)3Cþ�È¿k
∫

C f (z)dz =
∞
∑

n=0
fn(z)dz.

3 �D´«�§e fn(z) ∈ A (D) (n ∈ N∗)�
∞
∑

n=0
fn(z)��Â

ñ� f (z)§K f (z)3DS)Û¿k f
′
(z) =

∞
∑

n=0
f
′
n(z).

14 / 22



?ØK8�µ)Û¼ê��d·K
?ØK8�µ��Âñ�EC¼ê�?ê�5�

¯K
ëY5
�È5
��5

ëY5�y²

y²

PT?ê�Ü©ÚS��Sn(z)§Kd fn(z)3EþëYkSn(z)ë

Y§@o?¿�½z0 ∈ E§Ké∀z ∈ E§∀ε > 0§∃δ > 0§

�|z− z0| < δ§k

|Sn(z)− Sn(z0)| <
ε

3

q
∞
∑

n=0
fn(z)��Âñ� f (z)§K∃N1, N2 > 0§

�n > max{N1, N2}�k

|Sn(z)− f (z)| < ε

3
, |Sn(z0)− f (z0)| <

ε

3
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?ØK8�µ)Û¼ê��d·K
?ØK8�µ��Âñ�EC¼ê�?ê�5�

¯K
ëY5
�È5
��5

ëY5�y²

y²

@o�z ∈ U∗(z0, δ) ∩ EdEê�n�Ø�ª

| f (z)− f (z0)| 6 |Sn(z)− Sn(z0)|+ |Sn(z)− f (z)|+

|Sn(z0)− f (z0)| =
ε

3
+

ε

3
+

ε

3
= ε

ùÒ¿�X f (z)3z = z0?ëY§�Ä�z0�?¿5k f (z)3Eþ

ëY.
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?ØK8�µ)Û¼ê��d·K
?ØK8�µ��Âñ�EC¼ê�?ê�5�

¯K
ëY5
�È5
��5

�È5�y²

y²

dcã½n� f (z)3CþëY§K f (z)3Cþ�È.q
∞
∑

n=0
fn(z)�

�Âñ� f (z)§K∀ε > 0, ∃N > 0§�n > N�k

|Sn(z)− f (z)| < ε

L

Ù¥L´T{ü­���Ý.@o�n > N�§k∣∣∣∣∫C
Sn(z)dz−

∫
C

f (z)dz
∣∣∣∣ = ∣∣∣∣∫C

[Sn(z)− f (z)]dz
∣∣∣∣

6 |Sn(z)− f (z)|
∫

C
ds <

ε

L
L = ε
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?ØK8�µ)Û¼ê��d·K
?ØK8�µ��Âñ�EC¼ê�?ê�5�

¯K
ëY5
�È5
��5

�È5�y²

y²

ùÒ´ ∫
C

f (z)dz = lim
n→∞

∫
C

Sn(z)dz = lim
n→∞

∫
C

n

∑
k=0

fk(z)dz

= lim
n→∞

n

∑
k=0

∫
C

fk(z)dz =
∞

∑
n=0

∫
C

fn(z)dz
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?ØK8�µ)Û¼ê��d·K
?ØK8�µ��Âñ�EC¼ê�?ê�5�

¯K
ëY5
�È5
��5

��5�y²

y²

ky² f (z)ëY.¯¢þ§�Ä� fn(z)3«�S)Û§K7ëY§

d½n1£ëY5¤�±�� f (z)3«�SëY.qd½n2£�

È5¤�CauchyÈ©½nk§éuDS?¿�^{ü4­�C§∮
C

f (z)dz =
∮

C

∞

∑
n=0

fn(z)dz =
∞

∑
n=0

∮
C

fn(z)dz = 0

dMorera½nÒk f (z) ∈ A(D).
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?ØK8�µ)Û¼ê��d·K
?ØK8�µ��Âñ�EC¼ê�?ê�5�

¯K
ëY5
�È5
��5

��5�y²

y²

d)Û¼ê��êúªk

f
′
(z) =

1
2πi

∮
C

f (ξ)

(ξ − z)2 dξ =
1

2πi

∮
C

∞
∑

n=0
fn(ξ)

(ξ − z)2 dξ

ùp�C��7z���DS��±.qdu 1
(ξ−z)23DS´ëY�§

@od48þëY¼ê�5�k∃M > 0∣∣∣∣∣ 1

(ξ − z)2

∣∣∣∣∣ < M
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?ØK8�µ��Âñ�EC¼ê�?ê�5�

¯K
ëY5
�È5
��5

��5�y²

y²

2�	?ê
∞
∑

n=0

fn(ξ)

(ξ−z)2�Ü©Ú
Sn(ξ)

(ξ−z)2 . d
∞
∑

n=0
fn(z)��Âñ

� f (z)k∀ε > 0§∃N(ε) > 0§�n > N�§é∀ξ ∈ Ck

|Sn(ξ)− f (ξ)| < ε

M
K ∣∣∣∣∣ Sn(ξ)

(ξ − z)2 −
f (ξ)

(ξ − z)2

∣∣∣∣∣ < |Sn(ξ)− f (ξ)|
∣∣∣∣∣ 1

(ξ − z)2

∣∣∣∣∣
=

ε

M
M = ε
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¯K
ëY5
�È5
��5

��5�y²

y²

ùÒ¿�X
∞
∑

n=0

fn(ξ)

(ξ−z)2��Âñu
f (ξ)

(ξ−z)2 .@o���êúª¥È©

�¦ÚÒ�^S§�Ä� fn(z)��êúªk

f
′
(z) =

1
2πi

∮
C

∞
∑

n=0
fn(ξ)

(ξ − z)2 dξ

=
∞

∑
n=0

1
2πi

∮
C

fn(ξ)

(ξ − z)2 dξ =
∞

∑
n=0

f
′
n(z)
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