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Link Prediction

Link prediction

Link prediction: predicting the unobserved interactions (edges) between nodes given
the observed graph structure (topology) and other information (e.g., node attributes).
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Link Prediction

Topological link prediction approaches

» Local topological heuristics
» Common Neighbors [1], Adamic Adar [2], and Resource Allocation [3]

» Higher-order topological heuristics
» Katz [4], PageRank [5], and SimRank [6]

» Random-walk based node embedding
» DeepWalk [7], node2vec [8], and NetMF [9]
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Link Prediction

Random-walk based node embedding
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(a) Use random-walks to capture
topological proximity (similarity)

Zexi Huang
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(b) Find low-dimensional latent vectors
(embeddings) to preserve similarity
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Link prediction based on node embedding
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(a) Dot product (b) Classification based on combined embeddings
[10, 11, 12] [8, 13, 14]
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An unified framework for random-walk based embedding’'

Random-walk based embedding methods
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» We provide key insights on how embedding captures structural scales.
» We find that Autocovariance enables state-of-the-art link prediction.

1Huang, Silva, Singh. A broader picture of random-walk based graph embedding. KDD'21.
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Random-walk based similarity metrics

M transition matrix 7, II: stationary distribution 7: random-walk scale
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Random-walk based similarity metrics

M transition matrix 7, II: stationary distribution 7: random-walk scale

PMI: R = log(IIMT) — log(ww?T)
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Random-walk based similarity metrics

M transition matrix 7, II: stationary distribution 7: random-walk scale
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Random-walk based similarity metrics

M transition matrix 7, II: stationary distribution 7: random-walk scale

PMI: R = log(IIM7) — log(7n?)  Autocovariance: R = IIM™ — 7w’

Zexi Huang Link Prediction March 7, 2023 7/31



Link Prediction

Random-walk based similarity metrics

M transition matrix 7, II: stationary distribution 7: random-walk scale

PMI: R = log(ITMT) — log(rnT)  Autocovariance: R = IIM™ — 7’
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Link prediction performance

PMI: R = log(lIMT) — log(mnT)  Autocovariance: R = IIM"™ — wr?
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Figure: Autocovariance with dot product ranking consistently outperforms PMI (with
either ranking scheme) in link prediction.
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Understanding the difference

predicted degree o embedding norm ||ul|
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Understanding the difference

actual degree for autocov.

predicted degree o embedding norm ||ul|
constant for PMI
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Understanding the difference

actual degree for autocov.

predicted degree o embedding norm ||ul|
constant for PMI

Autocovariance captures heterogeneous degree distribution in graphs!
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Understanding the difference

actual degree for autocov.

predicted degree o embedding norm ||ul|
constant for PMI

Autocovariance captures heterogeneous degree distribution in graphs!
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Figure: Autocovariance embedding norms correlate with actual degrees, but not PMI.
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Understanding the difference

actual degree for autocov.

predicted degree o embedding norm ||ul|
constant for PMI
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(a) PMI (b) Autocovariance

Figure: Autocovariance predicts more edges connecting to the hubs than PMI.
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Polarized signed embedding for effective signed link prediction?

Friendly (+) —— Adversarial (—)

2Huang, Silva, Singh. POLE: Polarized embedding for signed networks. WSDM'22.
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Link Prediction Link prediction for signed graphs

Polarized signed embedding for effective signed link prediction?

Friendly (+)

Adversarial (—) ———

» We identify the key challenge of embedding polarized signed graphs.

» We develop polarized embedding for SOTA negative link prediction.
2Huang, Silva, Singh. POLE: Polarized embedding for signed networks. WSDM'22.
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SOUSIFECTEA  Link prediction for signed graphs

Signed link prediction in polarized networks

» Predicting signs of links:
» Signed embedding [15, 16] (signed similarity)
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Signed link prediction in polarized networks

» Predicting signs of links:
» Signed embedding [15, 16] (signed similarity)

» What about predicting link existence?
» Unsigned embedding [7, 8] (connectivity)
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Link Prediction Link prediction for signed graphs

Signed link prediction in polarized networks

» Predicting signs of links:
» Signed embedding [15, 16] (signed similarity)

» What about predicting link existence?
» Unsigned embedding [7, 8] (connectivity)

» However, they cannot predict negative links between
polarized communities!

» Because topology and link signs are interdependent
» Need to capture signed/unsigned similarities jointly

Intra-community: dense, positive
Inter-community: sparse, negative
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SOUSIFECTEA  Link prediction for signed graphs

Signed random walk

> UnSigned RW: |M|1W(t) = Zall length-t paths | between u and v PI’Ob(l)

» Prob(l) captures the unsigned similarity.
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Signed random walk

> UnSigned RW: |M|1W(t) = Zall length-t paths | between u and v PI’Ob(l)

» Prob(l) captures the unsigned similarity.

> Signed RW: Muv(t) - Zall length-t paths [ between u and v PrOb(l)Sign(l)

» Sign(l) based on the social balance theory captures the signed similarity.
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Signed random walk

> UnSigned RW: |M|Uv(t) - Zall length-t paths | between u and v PI’Ob(l)

» Prob(l) captures the unsigned similarity.

> Slgned RW: Muv(t) - Zall length-t paths [ between u and v PrOb(l)Slgn(l)

» Sign(l) based on the social balance theory captures the signed similarity.

1/2 l Prob() Sign(l)

1/2
- (3) 1,23 12x1/2=14 -1x1=-1

= - 1x-1=1
2 {1,4,5) 1/2x1/2=1/4 x
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POLE: polarized embedding

» Signed random-walks to capture both similarities:

My(t) = > Prob(1)Sign(l)

all length-t paths [ between u and v

» POLE: extends autocovariance similarity [17, 18] to signed RW

R(t) = M(t)"WM(t)
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POLE: polarized embedding

» Signed random-walks to capture both similarities:

My(t) = > Prob(1)Sign(l)

all length-t paths [ between u and v

» POLE: extends autocovariance similarity [17, 18] to signed RW

R(t) = M(t)"WM(t)

» Desired properties:
» Positive links: large positive similarity;
» Negative links: large negative similarity;
» Non-links: small similarity.
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Comparison of similarity distributions

(a) Unsigned embedding (RWE) (b) Signed embedding (ROSE) (c) Polarized embedding (POLE)
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Figure: Distributions of the reconstructed similarity for different types of node pairs in a
polarized graph using (a) unsigned [18], (b) signed [14], and (c) polarized embedding.
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Signed link prediction results

Link prediction for signed graphs
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Figure: Signed link prediction with link existence information performance comparison.
POLE outperforms all baselines in almost all datasets, especially for the negative links.
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Link Prediction Link prediction for attributed graphs

Attributed graph embedding and graph neural networks

» GNNs [19, 20, 21] are a powerful DL paradigm that learns to generate
better node features (embeddings) using structure information.
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(a) Input attributed graph (b) GNN message-passing (c) Pooling and classification
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Attributed graph embedding and graph neural networks

» GNNs [19, 20, 21] are a powerful DL paradigm that learns to generate
better node features (embeddings) using structure information.
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(a) Input attributed graph (b) GNN message-passing (c) Pooling and classification

» Advantages over topological heuristics for link prediction:

» Potential to discover new heuristics via supervised learning.
» Natural incorporation of node attribute information.
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Graph autoencoder [22]
» Train graph convolutional networks (GCNs) to generate node
embeddings and use the pairwise node embeddings to predict edges.

(a) Input attributed graph
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(b) GCN message-passing

Link Prediction

Link prediction for attributed graphs

U@

, o1
e
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Graph autoencoder [22]
» Train graph convolutional networks (GCNs) to generate node
embeddings and use the pairwise node embeddings to predict edges.
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» Not enough expressive power to capture topological proximity.
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Graph autoencoder [22]
» Train graph convolutional networks (GCNs) to generate node
embeddings and use the pairwise node embeddings to predict edges.
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» Not enough expressive power to capture topological proximity.
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SEAL: learning from subgraphs [23]
» Address the problem of expressive power of GAE by

» explicitly adding topological features via labeling trick
» modeling link prediction as a subgraph classification problem
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(a) Input attributed graph (b) Labeling trick (c) Subgraph classification
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SEAL: learning from subgraphs [23]
» Address the problem of expressive power of GAE by

» explicitly adding topological features via labeling trick
» modeling link prediction as a subgraph classification problem
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(a) Input attributed graph (b) Labeling trick (c) Subgraph classification

» Follow-up work investigates other topological features [29, 31] and
different pooling strategies [24, 25].
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Challenges of GNNs for link prediction
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Figure: The attribute-centric message-passing mechanism is effective for tasks on the
topology, e.g., node classification. Link prediction, however, is a task for the topology.
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Figure: The attribute-centric message-passing mechanism is effective for tasks on the
topology, e.g., node classification. Link prediction, however, is a task for the topology.

Are there better alternatives to message-passing for combining
node attributes and graph topology for link prediction?
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Link prediction for attributed graphs
Challenges of GNNs for link prediction

Table: Common real-world datasets for link prediction benchmark.

#Nodes #Edges Avg. degree Density Class ratio

CORA 2,708 5,278 3.90 0.14% 1:695
CITESEER 3,327 4 552 2.74 0.08% 1:1216
PUBMED 19,717 44,324 4.50 0.02% 1:4385

Puaoro 7,650 119,081 31.13 0.41% 1:246

COMPUTERS 13,752 245,861 35.76 0.26% 1:385
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Challenges of GNNs for link prediction

Table: Common real-world datasets for link prediction benchmark.

#Nodes #Edges Avg. degree Density Class ratio

CORA 2,708 5,278 3.90 0.14% 1:695
CITESEER 3,327 4 552 2.74 0.08% 1:1216
PUBMED 19,717 44,324 4.50 0.02% 1:4385

Puaoro 7,650 119,081 31.13 0.41% 1:246

COMPUTERS 13,752 245,861 35.76 0.26% 1:385

Have GNN-based link prediction methods properly addressed
the intrinsic class imbalance?
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Supervised link prediction evaluation
» Existing work [22, 23, 26, 27, 28, 29, 30, 31, 25] adopts AUC and AP

with biased testing (downsampling negative/disconnected pairs).
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Supervised link prediction evaluation
» Existing work [22, 23, 26, 27, 28, 29, 30, 31, 25] adopts AUC and AP
with biased testing (downsampling negative /disconnected pairs).
Example: Consider a graph with 10k nodes, 100k edges, and 99.9M disconnected (or
negative) pairs. A bad link prediction model that predicts 1M false positives (1k with
biased testing) higher than the 100k true edges achieves 0.99 AUC and 0.95 AP.
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with biased testing (downsampling negative /disconnected pairs).
Example: Consider a graph with 10k nodes, 100k edges, and 99.9M disconnected (or
negative) pairs. A bad link prediction model that predicts 1M false positives (1k with
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Supervised link prediction evaluation
» Existing work [22, 23, 26, 27, 28, 29, 30, 31, 25] adopts AUC and AP
with biased testing (downsampling negative/disconnected pairs),

which pictures an overly optimistic view of model performance.

» We argue for evaluation under unbiased testing, which has been
widely applied in unsupervised link prediction [10, 12, 18] and IR.
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Supervised link prediction evaluation
» Existing work [22, 23, 26, 27, 28, 29, 30, 31, 25] adopts AUC and AP
with biased testing (downsampling negative/disconnected pairs),
which pictures an overly optimistic view of model performance.
» We argue for evaluation under unbiased testing, which has been
widely applied in unsupervised link prediction [10, 12, 18] and IR.

Supervised link prediction training
» Existing work uses binary cross entropy loss with biased training.

» |t discards potentially useful evidence from negative pairs.
» |t induces the model to overestimate the probability of positive pairs.
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A simpler, faster, and stronger paradigm for link prediction?
» Explore alternative frameworks to combine topology and attributes
» Address the problem of class imbalance in training and testing

Input graph Enhanced graph Predicted links
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3Huang, Kosan, Silva, Singh. Link prediction without graph neural networks. Under review
Zexi Huang
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Input graph Enhanced graph Predicted links
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Graph learning
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Input graph Enhanced graph Predicted links
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Graph learning
> Graph augmentation: £ = E + {(u,v) | s(,, 7,) > s,}
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Input graph Enhanced graph Predicted links
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Graph learning
> Graph augmentation: E = E + {(u,v) | s(z,,z,) > Sp}
» Trained weighting: w,, = MLP([z, + x; |2y — x,]];0)
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Input graph Enhanced graph Predicted links
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\ MLP(6) / Autocovariance R Link ranking

Graph learning
> Graph augmentation: E = E + {(u,v) | s(z,,z,) > Sp}
» Trained weighting: w,, = MLP([z, + x; |2y — x,]];0)
» Combined weights: ZM =ad,+(1—a)(Bwy+ (1= 0)s(xy,x,))
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Input graph Enhanced graph Predicted links
mEE OmE O Q. O/O
O%&i » o c& q 7 » o i 3 L( 9)
Graph learnmg ‘ Topologlcal heunstlc ‘ : N-pair loss : }

R(a,b) .)/(
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\ AutocovarlanceR ) Link ranking

Topological heuristic
» Applying Autocovariance [32, 18] to the enhanced graph A:
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!
!
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vol(G) vol“(G)
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Input graph Enhanced graph Predicted links
» o {:& | » o = L(O)
Graph learnmg ‘ ‘ TOpOlOglcal heur1st1c ‘ N-pair loss
uOI R(a,b) 2
uv X
vO x
MLP(6) Autocovariance R \_ Linkranking /

N-pair loss [33]
» Contrasting each positive edge (u,v) with a set of
whose size equals to the class ratio (unbiased training):
exp(Ryy)
L(#) =— log
Z exp(Ruv) + D . 0pen(ue) P10
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Table: Link prediction performance comparison (mean + std AP). Gelato outperforms
the best GNN-based method, Neo-GNN, by 145% and Autocovariance by 53%.

* Run only once as each run takes ~100 hrs;

*** Each run takes >1000 hrs;

OOM: Out Of Memory.

CORA CITESEER PuBMED PHoTO COMPUTERS
GAE 0.27 £ 0.02 0.66 + 0.11 0.26 £+ 0.03 0.28 £+ 0.02 0.30 £ 0.02
SEAL 1.89 + 0.74 0.91 + 0.66 Hkx 10.49 + 0.86 6.84"
HGCN 0.82 £ 0.03 0.74 £ 0.10 0.35 + 0.01 2.11 + 0.10 2.30 £ 0.14
LGCN 1.14 + 0.04 0.86 + 0.09 0.44 £+ 0.01 3.563 £ 0.05 1.96 £+ 0.03
GNN TLC-GNN 0.29 £+ 0.09 0.35 £ 0.18 OOM 1.77 + 0.11 OOM
Neo-GNN 2.05 + 0.61 1.61 + 0.36 1.21 +0.14 10.83 + 1.53 6.75"
NBFNet 1.36 + 0.17 0.77 £ 0.22 o 11.99 + 1.60 o
BScNets 0.32 £ 0.08 0.20 £ 0.06 0.22 + 0.08 2.47 + 0.18 1.45 £+ 0.10
WalkPool 2.04 + 0.07 1.39 + 0.11 1.317 OOM OOM
March 7, 2023

28/31



Link Prediction Link prediction for attributed graphs

Table: Link prediction performance comparison (mean + std AP). Gelato outperforms
the best GNN-based method, Neo-GNN, by 145% and Autocovariance by 53%.

* Run only once as each run takes ~100 hrs;

*** Each run takes >1000 hrs;

OOM: Out Of Memory.

CORA CITESEER PuBMED PHoTO COMPUTERS
GAE 0.27 £ 0.02 0.66 + 0.11 0.26 £+ 0.03 0.28 £+ 0.02 0.30 £ 0.02
SEAL 1.89 + 0.74 0.91 + 0.66 Hkx 10.49 + 0.86 6.84"
HGCN 0.82 £ 0.03 0.74 £ 0.10 0.35 + 0.01 2.11 + 0.10 2.30 £ 0.14
LGCN 1.14 + 0.04 0.86 + 0.09 0.44 £+ 0.01 3.563 £ 0.05 1.96 £+ 0.03
GNN TLC-GNN 0.29 £+ 0.09 0.35 £ 0.18 OOM 1.77 + 0.11 OOM
Neo-GNN 2.05 + 0.61 1.61 + 0.36 1.21 +0.14 10.83 + 1.53 6.75"
NBFNet 1.36 + 0.17 0.77 £ 0.22 o 11.99 + 1.60 o
BScNets 0.32 £ 0.08 0.20 £ 0.06 0.22 + 0.08 2.47 + 0.18 1.45 £+ 0.10
WalkPool 2.04 + 0.07 1.39 + 0.11 1.317 OOM OOM
CN 1.10 £+ 0.00 0.74 £ 0.00 0.36 £ 0.00 7.73 £ 0.00 5.09 £ 0.00
Topological AA 2.07 + 0.00 1.24 + 0.00 0.45 + 0.00 9.67 £ 0.00 6.52 £ 0.00
Heuristics RA 2.02 + 0.00 1.19 4+ 0.00 0.33 £+ 0.00 10.77 + 0.00 7.71 £ 0.00
AC 2.43 + 0.00 2.65 + 0.00 2.50 £+ 0.00 16.63 + 0.00 11.64 + 0.00
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Table: Link prediction performance comparison (mean + std AP). Gelato outperforms
the best GNN-based method, Neo-GNN, by 145% and Autocovariance by 53%.

* Run only once as each run takes ~100 hrs;

*** Each run takes >1000 hrs;

OOM: Out Of Memory.

CORA CITESEER PuBMED PHoTO COMPUTERS
GAE 0.27 £ 0.02 0.66 + 0.11 0.26 £+ 0.03 0.28 £+ 0.02 0.30 £ 0.02
SEAL 1.89 + 0.74 0.91 + 0.66 Hkx 10.49 + 0.86 6.84"
HGCN 0.82 £ 0.03 0.74 £ 0.10 0.35 + 0.01 2.11 + 0.10 2.30 £ 0.14
LGCN 1.14 + 0.04 0.86 + 0.09 0.44 £+ 0.01 3.563 £ 0.05 1.96 £+ 0.03
GNN TLC-GNN 0.29 £+ 0.09 0.35 £ 0.18 OOM 1.77 + 0.11 OOM
Neo-GNN 2.05 + 0.61 1.61 + 0.36 1.21 +0.14 10.83 + 1.53 6.75"
NBFNet 1.36 + 0.17 0.77 £ 0.22 o 11.99 + 1.60 o
BScNets 0.32 £ 0.08 0.20 £ 0.06 0.22 + 0.08 2.47 + 0.18 1.45 £+ 0.10
WalkPool 2.04 + 0.07 1.39 + 0.11 1.317 OOM OOM
CN 1.10 £+ 0.00 0.74 £ 0.00 0.36 £ 0.00 7.73 £ 0.00 5.09 £ 0.00
Topological AA 2.07 + 0.00 1.24 + 0.00 0.45 + 0.00 9.67 £ 0.00 6.52 £ 0.00
Heuristics RA 2.02 + 0.00 1.19 4+ 0.00 0.33 £+ 0.00 10.77 + 0.00 7.71 £ 0.00
AC 2.43 + 0.00 2.65 + 0.00 2.50 £+ 0.00 16.63 + 0.00 11.64 + 0.00
MLP 0.30 £ 0.05 0.44 + 0.09 0.14 + 0.06 1.01 + 0.26 0.41 £+ 0.23
Cos 0.42 £ 0.00 1.89 4+ 0.00 0.07 £+ 0.00 0.11 £+ 0.00 0.07 £ 0.00
Attributes + MLP+AC 3.24 + 0.03 1.95 + 0.05 2.61 + 0.06 15.99 + 0.21 11.25 + 0.13
Topology Cos+AC 3.60 + 0.00 4.46 £+ 0.00 0.51 + 0.00 10.01 + 0.00 5.20 £ 0.00
MLP—+Cos+AC 3.39 + 0.06 4.15 £ 0.14 0.55 + 0.03 10.88 + 0.09 575 £ 0.11
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Table: Link prediction performance comparison (mean + std AP). Gelato outperforms
the best GNN-based method, Neo-GNN, by 145% and Autocovariance by 53%.

* Run only once as each run takes ~100 hrs;

*** Each run takes >1000 hrs;

OOM: Out Of Memory.

CORA CITESEER PuBMED PHoTO COMPUTERS
GAE 0.27 £ 0.02 0.66 + 0.11 0.26 £+ 0.03 0.28 £+ 0.02 0.30 £ 0.02
SEAL 1.89 + 0.74 0.91 + 0.66 Hkx 10.49 + 0.86 6.84"
HGCN 0.82 £ 0.03 0.74 £ 0.10 0.35 + 0.01 2.11 + 0.10 2.30 £ 0.14
LGCN 1.14 + 0.04 0.86 + 0.09 0.44 £+ 0.01 3.563 £ 0.05 1.96 £+ 0.03
GNN TLC-GNN 0.29 £+ 0.09 0.35 £ 0.18 OOM 1.77 + 0.11 OOM
Neo-GNN 2.05 + 0.61 1.61 + 0.36 1.21 +0.14 10.83 + 1.53 6.75"
NBFNet 1.36 + 0.17 0.77 £ 0.22 o 11.99 + 1.60 o
BScNets 0.32 £ 0.08 0.20 £ 0.06 0.22 + 0.08 2.47 + 0.18 1.45 £+ 0.10
WalkPool 2.04 + 0.07 1.39 + 0.11 1.317 OOM OOM
CN 1.10 &+ 0.00 0.74 £ 0.00 0.36 £ 0.00 7.73 £ 0.00 5.09 £ 0.00
Topological AA 2.07 + 0.00 1.24 + 0.00 0.45 + 0.00 9.67 £ 0.00 6.52 £ 0.00
Heuristics RA 2.02 + 0.00 1.19 4+ 0.00 0.33 £+ 0.00 10.77 + 0.00 7.71 £ 0.00
AC 2.43 + 0.00 2.65 + 0.00 2.50 £+ 0.00 16.63 + 0.00 11.64 + 0.00
MLP 0.30 £ 0.05 0.44 + 0.09 0.14 + 0.06 1.01 + 0.26 0.41 £+ 0.23
Cos 0.42 £ 0.00 1.89 4+ 0.00 0.07 £+ 0.00 0.11 £+ 0.00 0.07 £ 0.00
Attributes + MLP+AC 3.24 + 0.03 1.95 + 0.05 2.61 + 0.06 15.99 + 0.21 11.25 + 0.13
Topology Cos+AC 3.60 + 0.00 4.46 £+ 0.00 0.51 + 0.00 10.01 + 0.00 5.20 £ 0.00
MLP—+Cos+AC 3.39 + 0.06 4.15 £ 0.14 0.55 + 0.03 10.88 + 0.09 575 £ 0.11
Gelato 3.90 +£ 0.03 4.55+0.02 2.38+0.09 25.68 + 0.53 18.77 + 0.19
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Link prediction results (cont.)
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Figure: Link prediction performance in terms of precision@k and hits@k for varying
values of k. With few exceptions, Gelato outperforms the baselines across different k.
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(a) Training time until convergence

(b) Inference time per unbiased testing

Figure: Even under unbiased training, Gelato has competitive training time (11x

compared to the best GNN-based method, Neo-GNN) and is significantly faster than
most baselines for inference (6,000 ).
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Summary

» We investigated the problem of representation learning for effective
link prediction in simple, signed, and attributed networks.

» We scrutinized popular representation learning paradigms (node
embedding and GNNs) and discussed novel solutions leveraging
random-walk dynamics, social theories, and graph learning.
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